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i. Question ONE is compulsory 

ii. Answer any other TWO question 
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                       QUESTION ONE 20 MARKS 

 

State three properties of a measure.    (3mks) 

a) State three properties of the outer measure of a set E (3mks) 

b) The Lebesque outer measure of an empty set is zero. Proof (3mks) 

c) The outer measure of an interval equals its length 

d) If 𝑀∗(𝐴)=0, Prove that 𝑀∗(𝐴𝑈𝐵) = 𝑀∗(𝐵) For any set B (3mks) 

e) Let {𝐸𝑖: 1 ≤ 𝑖 ≤ 𝑛} be a finite collection of disjoint measurable sets. If A ≤ R, then 

𝑀∗(⋃ (𝐴𝑈𝐸𝑖
∞
𝑖=1 ) = 𝑀∗(𝐴𝑛{⋃ 𝐸𝑖

∞
𝑖=1 }) = ∑ 𝑀∗𝑛

𝑖=1 (𝐴𝑛𝐸𝑖)  

Proof.      (5mks) 

                       

 QUESTION TWO 15 MARKS 

 

1. Every interval is Lebesque measurable. Proof (15mks) 

 

  QUESTION THREE 15 MARKS 

2. If (𝐸𝑖) is a sequence of measurable sets, then 

𝑀(⋃ 𝐸𝑖
∞
𝑖=1 ) = ∑ 𝑀(𝐸𝑖

𝑛
𝑖=1 ) Proof (5mks) 

      b) If 𝐸𝑖 is a sequence of measurable sets then ⋃ 𝐸𝑖
∞
𝑖=1  and ∏ 𝐸𝑖

∞
𝑖=1  are measurable sets.  

Proof      (10mks) 

                       QUESTION FOUR 15 MARKS 

 

3. For any sequence of sets 𝐸𝑛, 𝑀∗(⋃ 𝐸𝑛
∞
𝑛=1 ) ≤ ∑ 𝑀∗(∞

𝑖=1 𝐸𝑛) Proof (10mks) 

a) The set (0,1) is countable, Proof. (3mks) 

b) Every interval is not countable, Proof. (2mks) 

 

 

 

 

 


