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Question One (30 Marks) 

 
a) Define the following terms as used in stochastic processes. 

i. State of a process                  (1 mark) 

ii. Discrete time Stochastic process        (1 mark) 

iii. Poisson process          (1 mark) 

iv. Markov chain          (1 mark) 

 

b) Obtain the generating function of the sequence {𝑌𝑡 = 1}, for 𝑘.  {𝑎𝑘} = 1,1,1, … 

                 (3 marks) 

c) Consider a random walk process where a particle moves from one state to another 

according to the following the following transition probabilities; 

 

 

  
i. Show that the random walk process represents an absorbing Markov 

Chain.                        (3 marks) 

 

ii. Determine the fundamental matrix and describe it.                 (3 marks) 

 

iii. If the process starts in    E2,   find the expected number of steps it takes 

before absorption.                             (3 marks)                          

       

iv. For the situation in iii. Above, find the probability that the process will 

end in     E5                      (2 marks)                                          

            

d) Let X be a random variable such that 𝑝𝑟(𝑋 = 𝑘) = 𝑝𝑘  𝑎𝑛𝑑 𝑝𝑟(𝑋 > 𝑘) = 𝑞𝑘 =

∑ 𝑝𝑘  𝑓𝑜𝑟 𝑘 ≥ 0∞
𝑟=𝑘+1 . Obtain the generating function of  𝑝𝑟(𝑋 > 𝑘)       (5 marks) 

 

e) Let {𝑌𝑡}𝑡𝜖𝑇 be a stochastic process with probability distribution 

 

𝑃(𝑌𝑡 = 𝑥) = {𝑝𝑞𝑥−1,      0,1,2,3,4,5 …
0             𝑒𝑙𝑠𝑒𝑤ℎ𝑒𝑟𝑒

  

Find the probability generating function of the process and hence use the 

p.g.f to obtain the mean and variance of the process.               (7marks)  

        

 
 

 E1  E2  E3  E4  E5  

 

E1  1 0 0 0 0 

E2  ½  0 ½  0 0 

E3  0  ¾  0 ¼  0 

E4  0 0 ¼    ½  ¼   

E5  0 0 0 0 1 



Question Two (20 Marks) 

 
a) Let   𝑦1,𝑦2,….𝑦𝑛 be independent Poison random variables with parameter 

 𝜃𝑖,i =1, 2,….Find the distribution of  𝑧 = 𝑦1 + 𝑦2 + ⋯ 𝑦𝑛             (5marks) 

                                                                                            

b) Consider the process 𝑥(𝑡) =Acos𝜔 t+Bsin𝜔 t, where A and B are uncorrelated 

random variables each with mean 0 and variance 1 and 𝜔 is a positive 

constant. Show that the process {𝑥(𝑡)} is covariance stationary.       (5marks)                                                                                                         

         

c) Consider the difference differential equation of a birth and death process: 

𝑝𝑛
′  (t)= −𝜆𝑛𝑝𝑛(t)+𝜆𝑛−1𝑝𝑛−1(t),   𝑛 ≥ 1 

and 

  𝑝0
′ (t)=𝜆0𝑝0(t)       𝑛 = 0 

Using the probability generation function technique with initial conditions 

𝑝𝑛(0)=1 𝑓𝑜𝑟 𝑛 = 1 and  𝑝𝑛(0)=0 𝑓𝑜𝑟 𝑛 ≠ 1. 

Use the feller’s method to find the mean and variance of the process    

         (10 marks) 

Question Three (20 Marks) 
 

a) Explain the following terms as used in Markov Chains. 

i. Transient state          (1 mark) 

ii. Persistent state          (1 mark) 

iii. An irreducible set of states                                       (1 mark) 

b) The terms of the sequence {𝑎𝑛} is generated by: 

𝑎𝑛 = 5𝑎𝑛−1 − 26, 𝑛 ≥ 2   and 𝑎0 = 1, 𝑎1 = −2 

Find the generating function of the sequence, 𝐴(𝑆)             (2 marks) 

 

c) Write the equation governing the Poisson process at a given time `𝑡’ in the 

birth-and-death process                            (2 marks) 

 

a) Using the usual notations, show that      
dG

dt
− λ(s − 1)G = 0.        (4 marks)                                    

  

b) Solve the equations given in c) to obtain   G(s, t) explicitly, using the initial 

condition that the population size is of size `𝑎’   at time 𝑡 = 0                                                                

`           (6 marks) 

c) Use G(s, t) to work out the mean and variance of the process at time `𝑡’                 
           (3 marks) 

 
 

Question Four (20 Marks) 



a) Consider a birth- death process with difference differential equations:   

  𝑝𝑛
′  (t) = −2nμ𝑝𝑛(𝑡) + (𝑛 − 1)𝜇𝑝𝑛−1(𝑡) + (𝑛 + 1)𝜇𝑝𝑛+1(𝑡)  𝑛 ≥ 1 

and 

 
  𝑝0

′  (t) = 𝜇𝑝1(𝑡)  𝑛 = 0 

 
Suppose the initial conditions: 

𝑝𝑛(0)=1 𝑓𝑜𝑟 𝑛 = 1 and  𝑝𝑛(0)=0 𝑓𝑜𝑟 𝑛 ≠ 1. Obtain the solution of the process.        

                                                                                                    (13 marks) 

 
b) Let   ZN = X1 + X2 +   .      .    + XN    where   Xi

′s  are independent and identically 

distributed as the Poisson random variable given in (a) and N is also a 

Poisson variable with parameter µ. 

i. Show that the probability generating function of ZN  is given by, 

Gn(s) = exp{µ(eλ(s−1) − 1)}     (5 marks) 

 

ii. Hence or otherwise, deduce the mean value of ZN.              (2 marks)                   

            

 
//END// 

 


