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I. Introduction 
A fundamental problem in population biology concerns the long-term survival of all competing species 

for a single growth-limiting nutrient. From the biological perspective, this long-term survival is well known as 
permanent coexistence which guarantees non-extinction of species as well as all species do not grow 
indefinitely, but allows an arbitrary asymptotic behaviour [21]. Many applications of permanent coexistence are 
focussed on models with autonomous systems of differential equations. These models predict that when the 
number (r) of lim- ited resources are competed by species, then only r competing species may avoid 
extinction [1]. The competition for a single, limited resource is known as exploitative competition [22]. Though, 
it is common in nature that a few available resources are limited and the size of species depending on limited 
resources is large. 
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A favorable area where experimental predictions can be made from these mathematical models is in a 
laboratory apparatus known as a chemostat. The chemostat models a very sim- ple lake [13] and is important in 
ecological studies because the mathematics can be traced and the relevant experiments are possible [22]. It is an 
important piece of device for studying in- teraction between species competing for a nutrient largely because 
most parameters that affect the interaction are under the control of the experimenter, see for instance [4, 5, 14, 
17, 19, 22]. 

 
Mathematical models of exploitative competition in a well-stirred chemostat operated un- der constant 

input and dilution rates, with competition for a single essential, non-reproducing, growth-limiting nutrient 
predict competitive exclusion, that is only one competitor population avoids extinction, see for instance [3, 5, 7, 
8, 17, 18]. That is, in temporally homogeneous (constant operating parameters) and spatially homogeneous 
(well-stirred chemostat) environ- ment, the model predicts competitive exclusion. If the homogeneity conditions 
are relaxed and the parameters allowed to be periodic, the models predict that coexistence of the competing 
species can occur, see for instance [4, 19, 22]. Relaxation of these conditions is plausible be- cause real 
environments are far from being homogeneous, either in space or time. In addition to the day/night variability, 
there are seasonal effects as well as random effects caused by the variable weather patterns [22]. 

 

We model a periodic chemostat with allelopathic growth inhibition. The operating parameters including 

the nutrient supply, washout rate and nutrient uptake function are allowed to be periodic functions of time 

with commensurate periods. We show that com- 

We demonstrate that the species with the smallest break-even concentration 

survives the competition for a single growth-limiting nutrient independent of the initial conditions. Using 

Matlab software, we carry out numerical simulations to confirm the theoretical findings. 
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There have been some studies looking at some aspects of periodicity in chemostat models. Butler, 
Hsu and Waltman [4] found that in a model of the chemostat with periodic washout rate, under suitable 
circumstances, there is coexistence of the competing population. Cushing 

[6] looked at periodic two predator one prey interactions and the time sharing of a resource niche and 
found that there is a possibility of stable coexistence of the predator prey mod- els with diffusion with the 
result that permanence is expected to hold [21]. In all of these studies, where periodicity is introduced in the 
chemostat model, none has addressed any form of allelopathic inhibition. Also, there have been some studies 
involving various aspects of inhibition to the growth of competing species. Hsu and Waltman [11] looked at 
a model of the effect of anti-competitor toxins on plasmid-bearing, plasmid-free competition, and also addressed 
competition in the chemostat when one competitor produces a toxin [9]. Hsu et al 
[10] studied competition in the presence of a lethal external inhibitor, Braselton and Waltman 

[2] developed a competition model with dynamically allocated inhibitor production, while Jianhua et al 
[20] addressed the effect of inhibitor on the plasmid-bearing and plasmid-free model in the unstirred chemostat. 
These mathematical models of allelopathic inhibition in the chemostat were operated under constant input and 
dilution rates. 

 
In this paper, we present a model of two species competition with allelopathic growth in- hibition in a 

periodically operated chemostat. We shall assume that the chemostat is spatially homogeneous, and all the the 
parameters in the model including nutrient input concentration, dilution rate as well as the species specific 
removal rates are periodic with commensurate pe- riods. The species specific nutrient uptake is assumed to be a 
monotone increasing function of the nutrient concentration. We shall use a Holling Type II function for the 
nutrient uptake. We introduce a parameter that represents the fraction of the growth-rate of one species devoted 
to toxin production. A function that account for the allelopathic inhibitory effects on the growth of non-toxic 
competitor is also introduced. 

This paper is organized as follows. In section 2, we present the model incorporating both 
periodicity and allelopathic growth inhibition. In Section 3, we show the positivity and boundedness of the 
solution. In Section 4, we establish the competition-independent extinction of the single species. In Section 5, 

we describe an outcome in which both species become extinct. In Section 6, we demonstrate that there will be a 
self-extinction of the toxin producing species. In Section 7, we determine the break-even concentration of the 
nutrient. Section 8 deals with the conditions for competitive exclusion while numerical simulation is found in 
Section 9. Finally, we conclude with a brief discussion in Section 10. 

 

II. The Model 
The model incorporating both periodicity and allelopathic growth inhibition takes the following form:  
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10 Conclusion 

By using both analytical and numerical results, we have shown that competitive exclusion always holds 
in a two species periodic chemostat-like model with allelopathic growth inhibi- tion. We have found that the 
species with the smallest break-even concentration survives the competition for a single growth-limiting 
nutrient independent of the initial conditions. 

This study can be improved by incorporating discrete time delays to account for the lag in the 
conversion of nutrient consumed to viable biomass. 
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