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Abstract: This paper introduces and investigates a novel generalization of operator similarity, termed (o, 3)—almost similarity,
which extends the concept of almost similar operators by incorporating two real parameters. We establish fundamental properties
of this new equivalence relation, demonstrating that it forms an equivalence class on the space of bounded linear operators on
a Hilbert space. Key results include the invariance of spectrum, point spectrum, and approximate point spectrum under this
relation. The study also defines the class of («, §)-T operators, an expansion of the classical T-operator concept, and explores its
relationship with («, §)—almost similarity. Furthermore, we analyze the connections between similarity, unitary equivalence, and
(a, B)—almost similarity, providing conditions under which these relations coincide, particularly for self-adjoint and projection
operators. The results contribute to the broader understanding of operator equivalence relations and their spectral implications.
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1. Introduction

We denote B (91, 2) the set of all bounded linear operators
from a Hilbert space §); into a Hilbert space $o. If $; = o,
then we denote B($)) instead of B($H1,92). The operator
2A € B(H) is called self-adjoint if A = A* where A* is the
adjoint of 2 [1].

An operator A € B($1,92) is said to be isometric if
WA = Tg,. IfAA* = A*2A, then A is called a normal
operator. And if A2A* = A*2A = T, then 2 is said to be unitary
[3]. If A% = A and A = A*, then A is said to be a projection. If
AA* = A then 2 is said to be partially isometric, equivalently
20*2A is a projection (that is, (A*A)2 = 2A*2A) [4]. Clearly,
every unitary operator is isometric and normal.

Two operators A, B € B($)) are said to be similar and are
denoted by 2 ~ ‘B if there exists an invertible operator X such
that XAX~! = B (equivalently, 2A = X~1BX). If A ~ B,
then 2( and ‘B have the same: spectrum, point spectrum, and
approximate point spectrum [5].

Similarly, two operators 2,8 € B(f)) are said to be
unitarily equivalent and are denoted by 2 = ‘B, if there exists
a unitary operator 4 such that UALU~™! = B (equivalently,

2 = U~1BLL). If 2, B are similar normal operators, then they
are unitarily equivalent by the Fuglede—Putnam theorem [6].
Let 2, B be two bounded linear operators on B($)). Then
2A, B are said to be (o, 3)—almost similar and denoted by
2l ~(q,p) B if there exists an invertible operator X such that:

A A =X 1B*BX
BA* + a2 = X7 HBB* +aB)X

The class of almost similar operators was first introduced
by Jibril [7]. We have extended this concept to («, 3)—almost
similar and demonstrated some different results.

An operator T € B($) is said to be a T-operator if T
commutes with T*%. The class of all T-operators in B($)
is denoted by 7. The class of T-operators has been widely
studied by Campbell [8]. We have extended the concept of T-
operator to another concept we called it («, 3)-T operator, the
class of («, 3)-% operators in B($)) is denoted by T4 g).

Let ¥ € 9B($) then the set of all complex numbers A for
which \J — ¥ is not invertible is called the spectrum of ¥ and
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denoted by o (%), that is,
o(%) ={X € C: (AT — %) is not invertible }

The complement of the spectrum of ‘¥ is called the resolvent
set of T. The spectrum of ¥ can be split into many disjoint sets
[9].

The point spectrum of the operator ¥ is denoted by o, (%)
and is the set of all those )\ for which AJ — ¥ is not injective,
that is

0p(T)={AeC:(NIT-F)xz =0, z #0}

A scalar ) is said to be in the approximate point spectrum of
the operator ¥, denoted by o,, (%), if there exists a sequence
of unit vectors {r, } such that ||(AT — T)r,|| — 0 [9].

Let ¥ be a linear transformation from a normed space X
into a normed space %), T € B(X,%)). Then T is said to be
compact if T(S) is compact for every bounded subset S of X.
That is, T(&) is relatively compact for every bounded subset
S of X [9].

2. Basic Concept on a—almost Similarity

Definition 2.1. Let o, f € R. Two bounded linear operators
T1,%2 € B(H) are said to be («, B)—almost similar and are
denoted by %1 ~(, 5y T2 if there exists an invertible operator
X such that:

TIT = XTI TX (1)
BT +aT) = X HBTE + a%)X )

Example 2.1. Let

1 0 3 2
Tl[o 2}’ %{0 4]

be operators on the two-dimensional Hilbert space C2, and
define the invertible operator on C? as follows:

.1 1o
x=x _[0 1]

Take o = 2, 8 = 1. Then %1 ~(3 1) Ta. To show this, we
compute:

. 10 tes 9 6
slfl_{o 4], X 1%%33_[6 20}

30

BTI +Oé‘:1 = |:0 6

} . XTYBTS + aTa)X = {5 2}
0 6
Remark 2.1. Every (1, 1)—almost similar pair of operators is
almost similar, and the converse is also true.
The following example shows that almost similarity and
(ar, B)—almost similarity are independent when (o, ) #

(1,1).

Example 2.2. Let
1 0 3 2
Sl_[o 2}’ T2_[o 4]

be operators on the two-dimensional Hilbert space C2, and
define the invertible operator on C? as:

fp

Take a = 2, 8 = 1. Then T, ~(2,1) To. However, T4 is
not almost similar to 5, since

2 0

TT‘F‘Il{O 4

1 e 6 2
R R AL
Theorem 2.1. Let o, # € R. The relation ~(, 3 on B($) is
an equivalence relation.
Proof:
1. Reflexivity: Let 1 € B(H) and take X = J. Then

clearly,
T, =Xl x

BT +aT] = X HBT 4+ o)X
Hence, €1 ~(q,3) T1.
2. Symmetry: Suppose T1,To € B(H) and Ty ~ (4, 5) To.
Then there exists an invertible operator X such that:
TiT) = X1 T5T,X A3)
BT+ aT = X HBTE 4+ )X “4)
Premultiplying and postmultiplying both sides of (3) and
(4) by X and X!, respectively, yields:
TiTy = XTIt 6))
BT+ ay = X(BT; +aT)X ! (6)
Let ) = X~1, which is also invertible. Substituting
gives Ta ~(q,8) T1.
3. Transitivity:  Suppose T1,%9, %3
51 ~(a,B) ‘IQ and Tg ~(a,8) 53.

Since Ty ~(q,3) T2, there exists an invertible operator
X1 such that:

€ B(H) with

T, = X1 T.%, (7
BT +aT) = X7 HBTE + a%2)X, (®)

Similarly, since T2 ~(4,g) T3, there exists an invertible
operator X3 such that:

T3y = X, 13 T3%, )
BTE + aTy = X, (BT + aF3) X, (10)

Substituting (9) and (10) into (7) and (8) gives:

TIT) = (XoX1) 1T T3(X2X)
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5ST + Oé(zl = (%2%1)’1(BT§ + 0433)(%2%1)

Hence, €1 ~(q,8) T3.
Proposition 2.1. Let T € B(H). If T ~(, ) 0, then T = 0.
Proof: Since ¥ ~(a,3) 0 there exists an invertible operator
X such that:

TT=X"1070)X =0
BT +aT=X"1B-0"+a-0)0X=0

Y
12)

Thus T*T = 0, which implies ||Tz||? = (Tz,Tx) = 0 for
allx € H. Hence, ¥ = 0.

Remark 2.2. Suppose that T1,%T2 € B(H) such that
T ~(a,B) %5. Then, by induction, one can prove:

1. 0(%1) = 0(%2),

2. 0p(%1) = 0,(%2) for all natural numbers 7.

Proposition 2.2. Let Ty, %o € B(H) such that Ty ~(, )
To. Then T is isometric if and only if ¥ is isometric.

Proof: Suppose that Ty is isometric. Since T; ~(4 5) T,
there exists an invertible operator X such that:

TIT = XTI Tx
BT +aT) = XHBTE 4+ aF)X

13)
(14)

Since ¥; is isometric, T7%; = J. Substituting, we obtain
T5%9 =T, 1.e. Tq is isometric.

Conversely, the same reasoning shows that ¥ is isometric
whenever ¥ is isometric.

Proposition 2.3. Let o, € R and T1,%, € B(H) with
%1 ~(a,8) T2. Then:

1. %5 is onto if and only if T5 is onto,

2. %7 is onto if and only if T3 is onto,

3. ¥, is one-to-one if and only if %5 is one-to-one,

4. %7 is one-to-one if and only if T is one-to-one,

5. ¥ is a projection if and only if T is a projection.

Proof: Clearly.

Remark 2.3.Let o, € R and %;,%, € B(H) with
%1 ~(a,8) T2. Then:

6. ¥ is bijective if and only if ¥ is bijective,

7. Z7 is bijective if and only if T3 is bijective.

Proof: Immediate from the preceding proposition.

Proposition 2.4. Let T1,%, € B(H) with Ty ~(, 5y To.
Then ‘ITII ~(a,B) 33‘12

Proof: Since %1 ~(4 p)
operator X such that

‘%5, there exists an invertible

TIT) = XX
BT +aT = X7 HBTE 4+ %)X

Hence, (T7%1) ~(a,p) (T3%2).

Proposition 2.5. Let T1, Ty € B(H) with Ty ~(4 g) To. If
T, is partially isometric, then so is Ts.

Proof: Since T, ~(a,B) %o, there exists an invertible
operator X such that

TT, =X T,x

BT +aT = X BT 4+ a%)X

If ¥ is partially isometric, then T;%7%; = T;. Substituting
into the above relations, it follows that ToT5%, = Ty, i.e. Ty
is also partially isometric.

Proposition 2.6. Let o, € R. Then the transformation
¢ : B(H) — B(H) that satisfies #(T) = XTX L, ¢(T¥) =
XT*x~ 1 is an automorphism. That is, it maps sums into
sums, products into products and scalar multiples into scalar
multiples.

Proof: Suppose that T,& € B($) and ¢(T) = XTX !
and ¢(&) = X&X L. Then:

AT+ a6)=2X(T+aG)X 1 =xTX 1+ aX6X 7 = ¢(T) + ag(S)

and

H(TG) = X(TG)X ™1 = XTX1X6X ! = ¢(T)p(6)

Proposition 2.7.Let T,6 € B(H) such that T, S are
unitarily equivalent. Then T ~(,, gy & forevery o, 8 € R.

Proof: Since ¥ and G are unitarily equivalent, there exists
a unitary operator { such that YTU~1 = &. Then UU* = T
which implies that 3T* + aT = U~ (BG* + aB)4U. Thus,
T ~(a,p) Gforala, s e R.

Proposition 2.8. Let T, & € B($) such that T ~, 5) & for
every real «, . Then (AT —%) ~(, ) (AT — &) for every real
A

Proof: & ~ 4,5y & means that there exists an invertible
operator X such that:

TT=X"16"6% (1)
BT +a = X7 (BG* 4+ aB)X )

Then we have
XN -DX =N -XTX'=)-6
which implies that:
(AT = %) ~(a,p) (AT —6) 3)
Since A is real, we also note that
AN-)"AT-)=((AT-=F)(A\T-%)*. @
From (3) and (4) we conclude (AT — F) ~(q,5) (AT — &)
for every real \.

Proposition 2.9. Let ¥, & € B($) be projections such that
T ~(a,3) G and (%) = 0(S). Then:
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dim (%) = dim N(S)
dim R(%T) = dim R(S)
dim 9(T*) = dim N(&™)
Proof: & ~(q ) © means that there exists an invertible
operator X such that:

TT=x"'6"6x (1)
BT aT = X7H(BG* +aB)X 2)

Since ¥ and & are projections, they are self-adjoint. Hence
X must be unitary, which implies:

dim N(T) = dim N(S)
dim R(%T) = dimR(6)
dim 9(T*) = dim N(S*)

Theorem 2.2 (10). The operator T € B(£)) is compact if and
only if T* is compact.

Proposition 2.10. Let a, 3 € R, T,b € B(H) and T ~ (4 p)
b. If T is compact then b is compact.

Proof: Since T ~(, ) b then there exists an invertible
operator X such that

T =x"'p*b X

Pre-multiplying and post-multiplying both sides by X! and
X respectively, we have T = X~1b X. Since b is compact then
X~'b X is also compact. By theorem 1.17 above then T is
compact.

Theorem 2.3.Let o, € R, T, b € B(H), X be an
invertible operator. If

TT=X""b"bX
BT +aT = X7H(Bb* + ab)X
then ¥ and b are («, 3)—almost similar.

Proof: By hypothesis T*T = X~'b*b X and fT* + aT =
X~ 1(Bb* + ab)X. Therefore, T and b are (o, 3)—almost
similar.

Proposition 2.11.If b € B(H) are similar normal
operators, then T ~(, g) b.

Proof: Suppose that T and b are similar normal operators,
then there exists an invertible operator X such that

TT=X""p"bX
Then by Fuglede—Putnam theorem [6],
THT =XYoo+ b")X

Now, by using theorem 1.20 we have that ¥ and b are
(ar, B)—almost similar.
Remark 2.4. The converse of Proposition 1.20 is not true in

general. Consider the following example: Let

1o 32 .1 1o
e L I B N

be operators on the two-dimensional Hilbert space C2. Take
a=2,8=1,then T ~(, g b. Also T is similar to b (i.e.
T ~ b) but

. 1 0 * " 13 6 "
TT—[O 4}7&31, bb—[G 20}7&bb

Thus, ¥ and b are not normal operators.

Proof: 1f T ~(, 3) T* then clearly 0(T) = (%) and T is
normal.

Conversely: If (%) = o(%*) and ¥ is normal, then
(T*T)Y/2 = (TT*)'/2. Hence,

(T + al)V/? = (3T + al)'/?
which implies that
((z*{z+a1’)1/2 _ ((T‘)*S* +QI)1/2

Let ||T2]|? = (T2|Tx) = (T*Tz|z) = ||T*x||? for every
x € H. Then forevery x € H: T ~(4 3) T".

Remark 2.5. 1f T ~(, g) T* then 0(T) = o(T*) for every
a # 0.

Proposition 2.12. Suppose that T € B(H) and (%) =
o(T*) then:

1. If @ = 1 and ¥ is normal then T ~(; 5y T*.

2. Ifa = —1then T ~(_; gy T

3. Ifa# 1,—1then T ~(, g) T".

Proof: (1) Directly as in theorem 2.6. And (ii) clearly. Now
to prove (iii), let « # 1, —1. o(%) = o(T*). By taking adjoint
to both sides we have 0(T*) = o(T). Then T ~(, 5) T*.

Theorem 2.4 (4). If T is a normal operator, then there exists
a unitary operator ${ such that T = £(|%|.

Definition 2.2. Let ¥ € B(H), then T is called an («, 3)-
T operator if ¥ commutes with T*% + «f. The class of all
(v, 8)-% operators in a Banach algebra on a Hilbert space H
is denoted by 7, 3, i.e.

Top = {T € B(H) : [T,T°T + al] = 0}

Example 2.3. Let ¥ = [é g} and take o = 3. Then

[T, T°T 4+ 31] =0

ie. T(Z*T +3I) = (T*T + 31)%, which implies that T is a
(3, B)-% operator.

Proposition 2.13. If ¥ € B(H) is an («, §)-% operator then
Tis a (v, 8)-T operator for every real number v = .

Proof: Clearly.

Proposition 2.14. If ¥, b € B(H) and T ~(, g) b such that
% is an (o, B)-% operator then b is also an («, §)-% operator.

Proof: T ~(, ) b means that there exists an invertible



Pure and Applied Mathematics Journal 2026; 15(2): 29-34 33

operator X such that:

TT=x"to"0X (1)
BT +aT = X"H(Bb* +ab)X 2)

Then,

[T,TT+al]=0 = [X'6X, X7 1(b*b+al)X]=0
Hence [b, b*b + oI] = 0, which shows that b is an (a, §)-%
operator.

3. The Relation Among Similarity,
Unitary Equivalence, Quasi Similarity
and (o, f)-almost Similarity

Proposition 3.1.Let T,b € B(H) be orthogonal
projections. Then ¥ and b are («, 5)—almost similar if and
only if ¥ and b are similar.

Proof: Suppose that A ~, B and A, B are projections.
Then, by Proposition 1.16, we get A ~ B.

Conversely, suppose that A and B are similar operators.
Then there exists an invertible operator X such that
XAX~! = B. Since A and B are orthogonal projections,
we have A2 = A = A*. Hence, X X* = I.

On the other hand, the second inequality follows from the
fact that

(A*A+aD)V?(B*B+al)" Y2 =1

Thus, A ~, B.

Proposition 3.2.Let « € R and A, B € B(H) be self-
adjoint. Then A and B are unitarily equivalent if and only
if A~, B.

Proof: Suppose that A and B are unitarily equivalent.
Then, by Proposition 1.14, we have A ~, B.

Conversely, suppose that A, B € B(H) are self-adjoint with
A ~, B. Now, A ~, B means that there exists an invertible
operator X such that:

XAX'=B (1)
XX* = (A*A+ ol)Y*(B*B + al)~1/? 2)

Since A, B are self-adjoint and A ~, B, they are similar
operators (A ~ B). Then A and B are both similar and
self-adjoint, hence normal. Thus A and B are unitarily
equivalent.

Corollary 3.1. Let « € R, A, B € B(H) be self-adjoint,
and A ~,, B. Then A and B are unitarily equivalent.

Proof: Directly from Proposition 4.2 above.

Proposition 33.Let A,B € B(H) be self-adjoint
operators. Then A and B are c-almost similar if and only if A
and B are almost similar.

Proof: Suppose that A, B are a-almost similar. Then there
exists an invertible operator X such that:

XAX'=B (1)
XX* = (A*A+ ol)*(B*B + aI) /2 2)

Since A and B are self-adjoint, A* = A and B* = B. Then
(2) becomes:

(A2 al)Y* (B2 + al)"V/? = X X*

Now, pre-multiplying both sides by (A2 + aI)~1/? (with
« # 0) implies that:

XX* = (A2)1/2(B2)71/2 3)

From (1) and (3), we have that A and B are almost similar.
Conversely, suppose that A, B are almost similar. Then (1)
and (3) hold. Since A and B are self-adjoint, (3) becomes

XX* = (A*A)1/2(B*B)71/2

Pre-multiplying both sides by (A*A + al)'/?(A*A)~1/2
implies that

(A*A+al)'/?(AA)TV2PX X" = (A" Atal)*(B*B) ™1/
That is,
(A*A+ oD)'*(B*B + oI)"Y?(B*B + ol)"/*(B*B)~'/?

Thus, A and B are «v-almost similar.
Remark 3.1. The converse of Proposition 4.6 is not true in
general. Consider the following example: Let

g eep ]

be operators on the two-dimensional Hilbert space C2. Define
the invertible operator on C? as

-1 _ |10
x=x= 5 ]

and take « = 2. Then A ~5 B, as in Example 1.2. Also,
A= A*. But B # B*,and B* # B.
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Abbreviations
B($H)  The set of all bounded linear operators on a Hilbert
space 9
(%) The spectrum of the operator ¥
0p(%)  The point spectrum of the operator T
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The approximate point spectrum of the operator T
T(a,3)  Theclass of (a, 3)-% operators

J The identity operator

C The set of complex numbers

R The set of real numbers
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