
Pure and Applied Mathematics Journal
2026; 15(2): 29-34
http://www.sciencepublishinggroup.com/j/pamj
doi: 10.11648/j.pamj.20261502.13

On (α,β)–Almost Similar Operators in Hilbert Spaces

Beatrice Obiero Adhiambo1, Victor Wanjala2, ∗

1Department of Mathematics and Computer, Rongo University, Rongo, Kenya
2Department of Mathematics and Physical Sciences, Maasai Mara University, Narok, Kenya

Email address:
wanjalavictor421@gmail.com (Victor Wanjala)
∗Corresponding author

To cite this article:
Beatrice Obiero Adhiambo, Victor Wanjala. (2026). On (α, β)–Almost Similar Operators in Hilbert Spaces. Pure and Applied
Mathematics Journal, 15(2), 29-34. https://doi.org/10.11648/j.pamj.20261502.13

Received: 16 March 2026 ; Accepted: 25 March 2026 ; Published: 24 April 2026

Abstract: This paper introduces and investigates a novel generalization of operator similarity, termed (α, β)–almost similarity,
which extends the concept of almost similar operators by incorporating two real parameters. We establish fundamental properties
of this new equivalence relation, demonstrating that it forms an equivalence class on the space of bounded linear operators on
a Hilbert space. Key results include the invariance of spectrum, point spectrum, and approximate point spectrum under this
relation. The study also defines the class of (α, β)-T operators, an expansion of the classical T-operator concept, and explores its
relationship with (α, β)–almost similarity. Furthermore, we analyze the connections between similarity, unitary equivalence, and
(α, β)–almost similarity, providing conditions under which these relations coincide, particularly for self-adjoint and projection
operators. The results contribute to the broader understanding of operator equivalence relations and their spectral implications.

Keywords: α–almost Similar, Almost Similar, Unitarily Equivalent, Self-adjoint Operator

1. Introduction

We denote B(H1,H2) the set of all bounded linear operators
from a Hilbert space H1 into a Hilbert space H2. If H1 = H2,
then we denote B(H) instead of B(H1,H2). The operator
A ∈ B(H) is called self-adjoint if A = A∗ where A∗ is the
adjoint of A [1].

An operator A ∈ B(H1,H2) is said to be isometric if
A∗A = IH1 . If AA∗ = A∗A, then A is called a normal
operator. And if AA∗ = A∗A = I, then A is said to be unitary
[3]. If A2 = A and A = A∗, then A is said to be a projection. If
AA∗ = A then A is said to be partially isometric, equivalently
A∗A is a projection (that is, (A∗A)2 = A∗A) [4]. Clearly,
every unitary operator is isometric and normal.

Two operators A,B ∈ B(H) are said to be similar and are
denoted by A ∼ B if there exists an invertible operator X such
that XAX−1 = B (equivalently, A = X−1BX). If A ∼ B,
then A and B have the same: spectrum, point spectrum, and
approximate point spectrum [5].

Similarly, two operators A,B ∈ B(H) are said to be
unitarily equivalent and are denoted by A ∼= B, if there exists
a unitary operator U such that UAU−1 = B (equivalently,

A = U−1BU). If A,B are similar normal operators, then they
are unitarily equivalent by the Fuglede–Putnam theorem [6].

Let A,B be two bounded linear operators on B(H). Then
A,B are said to be (α, β)–almost similar and denoted by
A ∼(α,β) B if there exists an invertible operator X such that:

A∗A = X−1B∗BX

βA∗ + αA = X−1(βB∗ + αB)X

The class of almost similar operators was first introduced
by Jibril [7]. We have extended this concept to (α, β)–almost
similar and demonstrated some different results.

An operator T ∈ B(H) is said to be a T-operator if T
commutes with T∗T. The class of all T-operators in B(H)
is denoted by T . The class of T-operators has been widely
studied by Campbell [8]. We have extended the concept of T-
operator to another concept we called it (α, β)-T operator, the
class of (α, β)-T operators in B(H) is denoted by T(α,β).

Let T ∈ B(H) then the set of all complex numbers λ for
which λI− T is not invertible is called the spectrum of T and



30 Beatrice Obiero Adhiambo et al.: On (α, β)–Almost Similar Operators in Hilbert Spaces

denoted by σ(T), that is,

σ(T) = {λ ∈ C : (λI− T) is not invertible}

The complement of the spectrum of T is called the resolvent
set of T. The spectrum of T can be split into many disjoint sets
[9].

The point spectrum of the operator T is denoted by σp(T)
and is the set of all those λ for which λI − T is not injective,
that is

σp(T) = {λ ∈ C : (λI− T)x = 0, x ̸= 0}

A scalar λ is said to be in the approximate point spectrum of
the operator T, denoted by σap(T), if there exists a sequence
of unit vectors {xn} such that ∥(λI− T)xn∥ → 0 [9].

Let T be a linear transformation from a normed space X
into a normed space Y, T ∈ B(X,Y). Then T is said to be
compact if T(S) is compact for every bounded subset S of X.
That is, T(S) is relatively compact for every bounded subset
S of X [9].

2. Basic Concept on α–almost Similarity

Definition 2.1. Let α, β ∈ R. Two bounded linear operators
T1,T2 ∈ B(H) are said to be (α, β)–almost similar and are
denoted by T1 ∼(α,β) T2 if there exists an invertible operator
X such that:

T∗
1T1 = X−1T∗

2T2X (1)

βT∗
1 + αT1 = X−1(βT∗

2 + αT2)X (2)

Example 2.1. Let

T1 =

[
1 0
0 2

]
, T2 =

[
3 2
0 4

]
be operators on the two-dimensional Hilbert space C2, and
define the invertible operator on C2 as follows:

X = X−1 =

[
1 0
0 1

]
Take α = 2, β = 1. Then T1 ∼(2,1) T2. To show this, we

compute:

T∗
1T1 =

[
1 0
0 4

]
, X−1T∗

2T2X =

[
9 6
6 20

]

βT∗
1 + αT1 =

[
3 0
0 6

]
, X−1(βT∗

2 + αT2)X =

[
5 2
0 6

]
Remark 2.1. Every (1, 1)–almost similar pair of operators is

almost similar, and the converse is also true.
The following example shows that almost similarity and

(α, β)–almost similarity are independent when (α, β) ̸=
(1, 1).

Example 2.2. Let

T1 =

[
1 0
0 2

]
, T2 =

[
3 2
0 4

]
be operators on the two-dimensional Hilbert space C2, and
define the invertible operator on C2 as:

X =

[
1 0
0 1

]
Take α = 2, β = 1. Then T1 ∼(2,1) T2. However, T1 is

not almost similar to T2, since

T∗
1 + T1 =

[
2 0
0 4

]
̸= X−1(T∗

2 + T2)X =

[
6 2
2 8

]
Theorem 2.1. Let α, β ∈ R. The relation ∼(α,β) on B(H) is

an equivalence relation.
Proof:
1. Reflexivity: Let T1 ∈ B(H) and take X = I. Then

clearly,
T∗
1T1 = X−1T∗

1T1X

βT∗
1 + αT1 = X−1(βT∗

1 + αT1)X

Hence, T1 ∼(α,β) T1.
2. Symmetry: Suppose T1,T2 ∈ B(H) and T1 ∼(α,β) T2.

Then there exists an invertible operator X such that:

T∗
1T1 = X−1T∗

2T2X (3)

βT∗
1 + αT1 = X−1(βT∗

2 + αT2)X (4)

Premultiplying and postmultiplying both sides of (3) and
(4) by X and X−1, respectively, yields:

T∗
2T2 = XT∗

1T1X
−1 (5)

βT∗
2 + αT2 = X(βT∗

1 + αT1)X
−1 (6)

Let Y = X−1, which is also invertible. Substituting
gives T2 ∼(α,β) T1.

3. Transitivity: Suppose T1,T2,T3 ∈ B(H) with
T1 ∼(α,β) T2 and T2 ∼(α,β) T3.
Since T1 ∼(α,β) T2, there exists an invertible operator
X1 such that:

T∗
1T1 = X−1

1 T∗
2T2X1 (7)

βT∗
1 + αT1 = X−1

1 (βT∗
2 + αT2)X1 (8)

Similarly, since T2 ∼(α,β) T3, there exists an invertible
operator X2 such that:

T∗
2T2 = X−1

2 T∗
3T3X2 (9)

βT∗
2 + αT2 = X−1

2 (βT∗
3 + αT3)X2 (10)

Substituting (9) and (10) into (7) and (8) gives:

T∗
1T1 = (X2X1)

−1T∗
3T3(X2X1)
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βT∗
1 + αT1 = (X2X1)

−1(βT∗
3 + αT3)(X2X1)

Hence, T1 ∼(α,β) T3.
Proposition 2.1. Let T ∈ B(H). If T ∼(α,β) 0, then T = 0.
Proof: Since T ∼(α,β) 0, there exists an invertible operator

X such that:

T∗T = X−1(0∗0)X = 0 (11)

βT∗ + αT = X−1(β · 0∗ + α · 0)X = 0 (12)

Thus T∗T = 0, which implies ∥Tx∥2 = ⟨Tx,Tx⟩ = 0 for
all x ∈ H . Hence, T = 0.

Remark 2.2. Suppose that T1,T2 ∈ B(H) such that
T1 ∼(α,β) T2. Then, by induction, one can prove:

1. σ(T1) = σ(T2),
2. σp(T1) = σp(T2) for all natural numbers n.

Proposition 2.2. Let T1,T2 ∈ B(H) such that T1 ∼(α,β)

T2. Then T1 is isometric if and only if T2 is isometric.
Proof: Suppose that T1 is isometric. Since T1 ∼(α,β) T2,

there exists an invertible operator X such that:

T∗
1T1 = X−1T∗

2T2X (13)

βT∗
1 + αT1 = X−1(βT∗

2 + αT2)X (14)

Since T1 is isometric, T∗
1T1 = I. Substituting, we obtain

T∗
2T2 = I, i.e. T2 is isometric.
Conversely, the same reasoning shows that T1 is isometric

whenever T2 is isometric.
Proposition 2.3. Let α, β ∈ R and T1,T2 ∈ B(H) with

T1 ∼(α,β) T2. Then:
1. T1 is onto if and only if T2 is onto,
2. T∗

1 is onto if and only if T∗
2 is onto,

3. T1 is one-to-one if and only if T2 is one-to-one,
4. T∗

1 is one-to-one if and only if T∗
2 is one-to-one,

5. T1 is a projection if and only if T2 is a projection.
Proof: Clearly.
Remark 2.3. Let α, β ∈ R and T1,T2 ∈ B(H) with

T1 ∼(α,β) T2. Then:
6. T1 is bijective if and only if T2 is bijective,
7. T∗

1 is bijective if and only if T∗
2 is bijective.

Proof: Immediate from the preceding proposition.
Proposition 2.4. Let T1,T2 ∈ B(H) with T1 ∼(α,β) T2.

Then T∗
1T1 ∼(α,β) T

∗
2T2.

Proof: Since T1 ∼(α,β) T2, there exists an invertible
operator X such that

T∗
1T1 = X−1T∗

2T2X

βT∗
1 + αT1 = X−1(βT∗

2 + αT2)X

Hence, (T∗
1T1) ∼(α,β) (T

∗
2T2).

Proposition 2.5. Let T1,T2 ∈ B(H) with T1 ∼(α,β) T2. If
T1 is partially isometric, then so is T2.

Proof: Since T1 ∼(α,β) T2, there exists an invertible
operator X such that

T∗
1T1 = X−1T∗

2T2X

βT∗
1 + αT1 = X−1(βT∗

2 + αT2)X

If T1 is partially isometric, then T1T
∗
1T1 = T1. Substituting

into the above relations, it follows that T2T
∗
2T2 = T2, i.e. T2

is also partially isometric.
Proposition 2.6. Let α, β ∈ R. Then the transformation

ϕ : B(H) → B(H) that satisfies ϕ(T) = XTX−1, ϕ(T∗) =
XT∗X−1 is an automorphism. That is, it maps sums into
sums, products into products and scalar multiples into scalar
multiples.

Proof: Suppose that T,S ∈ B(H) and ϕ(T) = XTX−1

and ϕ(S) = XSX−1. Then:

ϕ(T+ αS) = X(T+ αS)X−1 = XTX−1 + αXSX−1 = ϕ(T) + αϕ(S)

and
ϕ(TS) = X(TS)X−1 = XTX−1XSX−1 = ϕ(T)ϕ(S)

Proposition 2.7. Let T,S ∈ B(H) such that T,S are
unitarily equivalent. Then T ∼(α,β) S for every α, β ∈ R.

Proof: Since T and S are unitarily equivalent, there exists
a unitary operator U such that UTU−1 = S. Then UU∗ = I
which implies that βT∗ + αT = U−1(βS∗ + αS)U. Thus,
T ∼(α,β) S for all α, β ∈ R.

Proposition 2.8. Let T,S ∈ B(H) such that T ∼(α,β) S for
every real α, β. Then (λI−T) ∼(α,β) (λI−S) for every real
λ.

Proof: T ∼(α,β) S means that there exists an invertible
operator X such that:

T∗T = X−1S∗SX (1)

βT∗ + αT = X−1(βS∗ + αS)X (2)

Then we have

X(λI− T)X−1 = λI− XTX−1 = λI−S

which implies that:

(λI− T) ∼(α,β) (λI−S) (3)

Since λ is real, we also note that

(λI− T)∗(λI− T) = ((λI− T∗)(λI− T))∗. (4)

From (3) and (4) we conclude (λI − T) ∼(α,β) (λI − S)
for every real λ.

Proposition 2.9. Let T,S ∈ B(H) be projections such that
T ∼(α,β) S and σ(T) = σ(S). Then:
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dimN(T) = dimN(S)

dimR(T) = dimR(S)

dimN(T∗) = dimN(S∗)

Proof: T ∼(α,β) S means that there exists an invertible
operator X such that:

T∗T = X−1S∗SX (1)

βT+αT = X−1(βS∗ + αS)X (2)

Since T and S are projections, they are self-adjoint. Hence
X must be unitary, which implies:

dimN(T) = dimN(S)

dimR(T) = dimR(S)

dimN(T∗) = dimN(S∗)

Theorem 2.2 (10). The operator T ∈ B(H) is compact if and
only if T∗ is compact.

Proposition 2.10. Let α, β ∈ R, T, b ∈ B(H) and T ∼(α,β)

b. If T is compact then b is compact.
Proof: Since T ∼(α,β) b then there exists an invertible

operator X such that

T∗T = X−1b∗bX

Pre-multiplying and post-multiplying both sides by X−1 and
X respectively, we have T = X−1bX. Since b is compact then
X−1bX is also compact. By theorem 1.17 above then T is
compact.

Theorem 2.3. Let α, β ∈ R, T, b ∈ B(H), X be an
invertible operator. If

T∗T = X−1b∗bX

βT∗ + αT = X−1(βb∗ + αb)X

then T and b are (α, β)–almost similar.
Proof: By hypothesis T∗T = X−1b∗bX and βT∗ + αT =

X−1(βb∗ + αb)X. Therefore, T and b are (α, β)–almost
similar.

Proposition 2.11. If T, b ∈ B(H) are similar normal
operators, then T ∼(α,β) b.

Proof: Suppose that T and b are similar normal operators,
then there exists an invertible operator X such that

T∗T = X−1b∗bX

Then by Fuglede–Putnam theorem [6],

T+ T∗ = X−1(b+ b∗)X

Now, by using theorem 1.20 we have that T and b are
(α, β)–almost similar.

Remark 2.4. The converse of Proposition 1.20 is not true in

general. Consider the following example: Let

T =

[
1 0
0 2

]
, b =

[
3 2
0 4

]
, X = X−1 =

[
1 0
0 1

]
be operators on the two-dimensional Hilbert space C2. Take
α = 2, β = 1, then T ∼(α,β) b. Also T is similar to b (i.e.
T ∼ b) but

TT∗ =

[
1 0
0 4

]
̸= T∗T, bb∗ =

[
13 6
6 20

]
̸= b∗b

Thus, T and b are not normal operators.
Proof: If T ∼(α,β) T

∗ then clearly σ(T) = σ(T∗) and T is
normal.

Conversely: If σ(T) = σ(T∗) and T is normal, then
(T∗T)1/2 = (TT∗)1/2. Hence,

(T∗T+ αI)1/2 = (TT∗ + αI)1/2

which implies that

(T∗T+ αI)1/2 = ((T∗)∗T∗ + αI)1/2

Let ∥Tx∥2 = ⟨Tx|Tx⟩ = ⟨T∗Tx|x⟩ = ∥T∗x∥2 for every
x ∈ H . Then for every x ∈ H: T ∼(α,β) T

∗.
Remark 2.5. If T ∼(α,β) T∗ then σ(T) = σ(T∗) for every

α ̸= 0.
Proposition 2.12. Suppose that T ∈ B(H) and σ(T) =

σ(T∗) then:
1. If α = 1 and T is normal then T ∼(1,β) T

∗.
2. If α = −1 then T ∼(−1,β) T

∗.
3. If α ̸= 1,−1 then T ∼(α,β) T

∗.
Proof: (i) Directly as in theorem 2.6. And (ii) clearly. Now

to prove (iii), let α ̸= 1,−1. σ(T) = σ(T∗). By taking adjoint
to both sides we have σ(T∗) = σ(T). Then T ∼(α,β) T

∗.
Theorem 2.4 (4). If T is a normal operator, then there exists

a unitary operator U such that T = U|T|.
Definition 2.2. Let T ∈ B(H), then T is called an (α, β)-

T operator if T commutes with T∗T + αI . The class of all
(α, β)-T operators in a Banach algebra on a Hilbert space H
is denoted by Tα,β , i.e.

Tα,β = {T ∈ B(H) : [T,T∗T+ αI] = 0}

Example 2.3. Let T =

[
1 0
0 2

]
and take α = 3. Then

[T,T∗T+ 3I] = 0

i.e. T(T∗T + 3I) = (T∗T + 3I)T, which implies that T is a
(3, β)-T operator.

Proposition 2.13. If T ∈ B(H) is an (α, β)-T operator then
T is a (γ, β)-T operator for every real number γ = α.

Proof: Clearly.
Proposition 2.14. If T, b ∈ B(H) and T ∼(α,β) b such that

T is an (α, β)-T operator then b is also an (α, β)-T operator.
Proof: T ∼(α,β) b means that there exists an invertible
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operator X such that:

T∗T = X−1b∗bX (1)

βT∗ + αT = X−1(βb∗ + αb)X (2)

Then,

[T,T∗T+ αI] = 0 ⇒ [X−1bX,X−1(b∗b+ αI)X] = 0

Hence [b, b∗b+αI] = 0, which shows that b is an (α, β)-T
operator.

3. The Relation Among Similarity,
Unitary Equivalence, Quasi Similarity
and (α, β)–almost Similarity

Proposition 3.1. Let T, b ∈ B(H) be orthogonal
projections. Then T and b are (α, β)–almost similar if and
only if T and b are similar.

Proof: Suppose that A ∼α B and A,B are projections.
Then, by Proposition 1.16, we get A ∼ B.

Conversely, suppose that A and B are similar operators.
Then there exists an invertible operator X such that
XAX−1 = B. Since A and B are orthogonal projections,
we have A2 = A = A∗. Hence, XX∗ = I .

On the other hand, the second inequality follows from the
fact that

(A∗A+ αI)1/2(B∗B + αI)−1/2 = I

Thus, A ∼α B.
Proposition 3.2. Let α ∈ R and A,B ∈ B(H) be self-

adjoint. Then A and B are unitarily equivalent if and only
if A ∼α B.

Proof: Suppose that A and B are unitarily equivalent.
Then, by Proposition 1.14, we have A ∼α B.

Conversely, suppose that A,B ∈ B(H) are self-adjoint with
A ∼α B. Now, A ∼α B means that there exists an invertible
operator X such that:

XAX−1 = B (1)

XX∗ = (A∗A+ αI)1/2(B∗B + αI)−1/2 (2)

Since A,B are self-adjoint and A ∼α B, they are similar
operators (A ∼ B). Then A and B are both similar and
self-adjoint, hence normal. Thus A and B are unitarily
equivalent.

Corollary 3.1. Let α ∈ R, A,B ∈ B(H) be self-adjoint,
and A ∼α B. Then A and B are unitarily equivalent.

Proof: Directly from Proposition 4.2 above.
Proposition 3.3. Let A,B ∈ B(H) be self-adjoint

operators. Then A and B are α-almost similar if and only if A
and B are almost similar.

Proof: Suppose that A,B are α-almost similar. Then there
exists an invertible operator X such that:

XAX−1 = B (1)

XX∗ = (A∗A+ αI)1/2(B∗B + αI)−1/2 (2)

Since A and B are self-adjoint, A∗ = A and B∗ = B. Then
(2) becomes:

(A2 + αI)1/2(B2 + αI)−1/2 = XX∗

Now, pre-multiplying both sides by (A2 + αI)−1/2 (with
α ̸= 0) implies that:

XX∗ = (A2)1/2(B2)−1/2 (3)

From (1) and (3), we have that A and B are almost similar.
Conversely, suppose that A,B are almost similar. Then (1)

and (3) hold. Since A and B are self-adjoint, (3) becomes

XX∗ = (A∗A)1/2(B∗B)−1/2

Pre-multiplying both sides by (A∗A + αI)1/2(A∗A)−1/2

implies that

(A∗A+αI)1/2(A∗A)−1/2XX∗ = (A∗A+αI)1/2(B∗B)−1/2

That is,

(A∗A+ αI)1/2(B∗B + αI)−1/2(B∗B + αI)1/2(B∗B)−1/2

Thus, A and B are α-almost similar.
Remark 3.1. The converse of Proposition 4.6 is not true in

general. Consider the following example: Let

A =

[
1 0
0 2

]
, B =

[
3 2
0 4

]
be operators on the two-dimensional Hilbert space C2. Define
the invertible operator on C2 as

X = X−1 =

[
1 0
0 1

]
and take α = 2. Then A ∼2 B, as in Example 1.2. Also,

A = A∗. But B ̸= B∗, and B∗ ̸= B.
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σap(T) The approximate point spectrum of the operator T
T(α,β) The class of (α, β)-T operators
I The identity operator
C The set of complex numbers
R The set of real numbers
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