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Abstract

Aims: To introduce and investigate a new generalized family of integral operators for analytic functions in the open unit
disk, which unifies and extends several known operators by incorporating multiple functions and parameters.

Study Design: Mathematical analysis and theoretical development.

Place and Duration of Study: Department of Mathematics and Physical Sciences, Maasai Mara University, and
Department of Mathematics, Rongo University, between June 2023 and July 2024.

Methodology: We define a new integral operator that generalizes the operator studied by Eljamal et al. by incorporating
multiple analytic functions and additional complex parameters. This framework provides greater flexibility and subsumes
many previously studied integral operators as special cases. Using the theory of subordination, properties of starlike
functions, and key lemmas on differential inequalities, we systematically investigate the mapping properties of functions
belonging to specific subclasses under this new operator.

Results: We establish precise conditions under which the new integral operator preserves the class of starlike functions and
the class of starlike functions of order o. Furthermore, we determine its relationship with the Janowski class P (A, B)
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and provide sharp coefficient estimates. Several illustrative examples are provided to demonstrate the main findings, and
connections with existing results in the literature are highlighted.

Conclusion: The new generalized integral operator successfully unifies and extends many known integral operators from
the literature. The mapping properties established for starlike, starlike of order o, and Janowski classes provide a solid
foundation for further research into convexity, close-to-convexity, and applications to differential subordination.

Keywords: Integral operator; analytic function; univalent function; starlike function; subordination; Janowski class.
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1 Introduction

Let 4 denote the class of functions f normalized by

f@=2+Y ad", (1.1)
n=2
which are analytic in the open unit disk
U={z:|z] < 1}. (1.2)

Also let § denote the class of all functions in 4 which are univalent in U. A function f € § is said to be starlike in U if and
only if

f'(z) }
Re >0 (zel). (1.3)
SRR
We denote by S* the class of all functions in § which are starlike in U. A function f € S is said to be starlike of order o in U
if and only if
2f'(2) }
Re >a (zel), (1.4)
1% et

for some o (0 < a < 1). We denote by S* (o) the class of all functions in § which are starlike of order o in U. Clearly, we
have $*(a) CS*(0) =S*for0 <o < 1.

With a view to introducing an interesting family of analytic functions, we recall the concept of subordination between analytic
functions (Miller and Mocanu, 2000). Given two functions f and g, which are analytic in U, the function f is said to be
subordinate to g if there exists a function w, analytic in U with w(0) = 0 and |w(z)| < 1 (z € U) such that f(z) = g(w(z))
(z € U), symbolically written as

f<g (zeU) or f(z)<g(z) (zel). (1.5)
It is known that f(z) < g(z) (z € U) = f(0) = g(0) and f(U) C g(U).

Definition 1.1. (Janowski, 1973) For —1 < B < A < 1, a function p(z) analytic in U with p(0) = 1, is said to belong to the
class P(A,B) if

1+Az
1+Bz

p(z) < (-1<B<A<]1). (1.6)

To prove our main results, we need the following lemmas.

Lemma 1.1. (Miller and Mocanu, 1981) Let the functions N and D be analytic in U, and let D map U onto a starlike region.
Suppose also that

N'(z)
D'(z) 7 kD'(2)

€PA,B) (k>1). (1.7)
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Then,
N(z)
KD(2) € P(A,B), (1.8)
forall z € U.
Lemma 1.2. (Noor, 1987) Let
Then, foro.>0and >0
api(z) +Bp2(z)
— =" € P(A,B), 1.10
o (4.,B) (1.10)

forall z € U.
Lemma 1.3. (Reddy and Padmanabhan, 1982) Let the functions M and N be analytic in U with
M(0) =N(0) =0, (1.11)

and let Y be a real number. Suppose also that N maps U onto a region which is starlike with respect to the origin. Then,

M'(z) M(z)
Re{N/(Z)}>y (z€IU)=>Re{W}>y (ze ). (1.12)

2 Generalization of the Integral Operator

Eljamal and Darus (2013) introduced the following integral operator

oat+1 [z o o

1180 = [ (o) dr =24 Y e @
z 0 n=2

where f and g € 4 and o > 0. This operator has inspired several researchers to study various classes of analytic functions

(Breaz et al., 2008; Mohammed et al., 2010; Mohammed and Darus, 2010; Breaz et al., 2010).

We now generalize the operator (2.1) by introducing additional parameters to obtain a more flexible family of integral
operators.

Definition 2.1. Let fi, f2,...,f, € Aand g1,82,...,8m € A. Leta;; >0fori=1,2,...,nand B; >0 for j=1,2,...,m, and
let A, u be complex parameters with Re(A) > —1, Re(u) > —1. We define the generalized integral operator

Al g 0 m 1/(u+1)
- / Al <Hﬁ(1)ai> <Heﬁ.fg,f(f)> dt} , 2.2)
i=1 J=1

Ix;lﬁ(fl7~"7fﬂ;gl7~'~7gm)(z): z 0

where o0 = (0t1,00,...,0,) and B = (B1,B2,...,Bm)-

Remark 2.1. The operator (2.2) generalizes several known integral operators:

1. Whenn=m=1,A=u=0; =0, B =a, and f; = f, g1 = g, we obtain the operator (2.1) studied by Eljamal and

Darus (2013).
2. When m = 0 (i.e., no exponential terms), A = u, and o; = 1 for all i, we obtain the operator studied by Breaz et al.
(2008).

3. Whenn =1, m =0, and A = u, we obtain the Bernardi integral operator (Bernardi, 1969).
4. When A = u = 0, we obtain the Alexander-type operator.

For simplicity in presenting our main results, we focus on a special case of (2.2) with n =2, m = 1, and appropriate parameter
choices.
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Definition 2.2. Let f,g,h € 4 and let o, B,y > 0. We define the integral operator

_ Yl oF BN g — ot N g o
Japalf.8)) = = [ (40P di =+ L did 23)

Remark 2.2. The operator Jq g , defined in (2.3) serves as the primary focus of our investigation in the subsequent sections.

This special case captures the essential features of the general operator I;tx ;IB while allowing for a clear and concise presentation
of the main mapping properties. The results obtained can be extended to the more general setting with appropriate modifications.

3 Main Results

We now establish several mapping properties of the integral operator (2.3).

Theorem 3.1. Let the functions f, g, and h be in the class S*. Then, the function Ja’ﬁ”( f,8,h) defined by (2.3) is also in the
class S*.

Proof. From (2.3), we obtain by logarithmic differentiation

ZJI/X,B,“{(f’g7h)(Z) N(Z)

J(x.B.y(ﬁg»h)(Z) - WZY G-

where
N =2 (£@)%@P) —y [ (£ eePe ) . (62
D) = [ (100 ) ar 63

Clearly, N(0) = D(0) = 0. We first show that D maps U onto a starlike region. Since f,g,h € 4 and o, 3,7 > 0, the integrand
is analytic and nonzero at z = 0, and D’(0) # 0. Moreover, by a standard result, D is starlike with respect to the origin.

Now, let k(z) = "), where k(z) is analytic in U, k(z) # 0, and k(0) = 1. To justify that k € §* when h € §*, we note that
if h € $*, then Re{zh'(z)/h(z)} > 0. A known result (see, e.g., Pommerenke, 1975, Chapter 2) states that if p is analytic
with Re p(z) > 0, then the function H(z) = [ p(t)/tdt is starlike. Since h(z) = zexp (f5 (' (t)/h(t) — 1/t)dt) and h(z)/zis a
nonzero analytic function with positive real part, it follows that k(z) = ") s also starlike. More directly, one can verify that
Re{zk'(z) /k(z)} = Re{zh'(z)} > 0, which is the condition for starlikeness. Thus,

N(z) zf'(2) | o.28 (k) | K (2)
Do)~ ) P Tk T (3.4)

Since f,g € $* and k € §*, we have

for all z € U. Therefore,

Re{gigg } = ayRe { 4@ } +PByRe { ' (2) } +YRe { Z]':/(S) } F1>1>0. 3.5)
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Applying Lemma 1.3 with y = 0, we obtain

N()

Req —= 0 3.6
{5} 0o

which together with (3.1) yields

Z‘]&B (f,g,h)(Z)
Re{ —PTZ 28>0 (zeD), 3.7
{mmq&mw et

proving that Jy g 4(f, & /) € S*. O

Theorem 3.2. Let the functions f, g, and h be in the class 5*(3) for some d with 0 < 8 < 1. Then, Jo p 4(f,8,h) € S*(n),

where I
n= ayd+Pyd+v0+1 3.8
oy+PBy+y+1 38)

providedm > 0.

Proof. Following the same steps as in the proof of Theorem 3.1, we have from (3.4)

N'(z) } _ {Zf’(Z) } {zg’(Z) } {zk’(Z) }
Re { Do) S oyRe Q) +ByRe <) +1vYRe e +1. (3.9)
Since f,g € 5*(8) and i € 5*(8) implies k = ¢ € $*(8) (by an argument analogous to that in Theorem 3.1), we have
f'(z)
{5 ) -
Re{zgl(z) b=
g(2) ’
' (2) }
Re{ ) >3
Thus,
Re{NI(Z)} > oyd+Pyd+vo+ 1. (3.10)
D'(2)

Now, note that

N'(z) 2f'(z) '(z) | ZK(2)

<8
= + + +1, 3.11
Do e P ke G1b
and we can write
N'(z) (Zf/(Z) ) (zg/(Z) ) (zk’(Z) )
— (Y0 + By +v0+1) =« -0+ -3 )+ -95]. 3.12
D) (@8 + P8+ +1) = ay e By e ") (3.12)
Let M(z) = N(z) — (oyd+ Byd +yd + 1)D(z). Then M(0) = 0 and
M'(z) =N'(z) — (08 +BYd + 8+ 1)D'(z). (3.13)
Applying Lemma 1.3 with y = 0, and noting that the right-hand side of (3.12) has positive real part, we obtain
M(z)
Reqd —= 0 3.14
{55 )>° 19
which implies
N(z)
Re DG > o+ Byd+vo+ 1. (3.15)
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Therefore,
Z‘I&B (f7g7h)(z)
Red — 2PV 7 24 S ayd+ Byd+ 78+ 1. (3.16)
{mmv&mw wrpety
Since Re{%”} —Re { ¥}, we have Jy g,(f,2,h) € S* (00 +Byd+15+1). O

Example 3.3. Consider the functions f(z) = g(z) = h(z) = 1=; € §*(1/2). Taking o.=p = 1, Y= 1, we have from Theorem
3.2 that Jy 1 1(f,8,h) € S*(M) with

| P S O O AR O RS [ A A )
_L bbbl aHatatl 255 460 (3.17)
1-14+1-14+1+1 4

Thus, J11,1(f,g,h) is starlike of order 0.625.

Theorem 3.4. Let f, g, and h be in the class P(A, B) with respect to the functions ) Zgl<z), and Zhl(Z), respectively. Then,

f2) 7 &) h(z)
1 o py(f18:1)(2)
P, —1|e®@A,B). 3.18
aY+BY+v<Jm&ﬂﬁgﬁXd cFAE) G
Proof. From (3.1) and (3.4), we have
2y 5y (f18,h)(2) N(z)
0.B,y =& 3.19
Tupsfe@ D)’ G149
with N and D as defined in (3.2). Moreover,
N'(z) zf'(2) 2g'(z) | ' (2)
— . 3.20
0 - P T (320
By hypothesis,
zf'(2) ¢’ (2) 2 (2)
P?(A,B), P(A,B), P(A,B). 321
f(Z)E()g(Z)e()h(Z)e() (3.21)

Applying Lemma 1.2 three times (first to the first two functions with weights oy and By, then to the result with the third
function), we obtain
1 N()

oy +By+yD'(2)
Now, D and N satisfy the conditions of Lemma 1.1 with k = ay+ By+ Y. Hence,

€ P(A,B). (3.22)

)
T TTIIDE € P(A,B), (3.23)

which together with (3.19) yields the desired result. O

Corollary 3.5. Under the hypotheses of Theorem 3.4, the integral operator Jy ﬁ-Y( f,8,h) satisfies

1 o py(f>8:)(2) 1-AB| A-B
By 1) -0 < S (<), (3.24)
ay+By+v \ Jopy(f.8n)(2) 1-B 1-B
for B # +1, with appropriate modifications when B= —1 or B= 1.
Proof. This follows directly from the definition of the class (A, B) and the subordination principle. O
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Proposition 3.1. Let f, g, and h be given by
fR) =z+) and", gx)=z+ ) ba", h(z)=z+ Y cad", (3.25)
n=2 n=2 n=2

with |an| < My, |by| < My, |cn| < Mj for all n> 2. Then, for |z| <r <1, the coefficients of Jo. g (f,8,h)(2) = 2+ X dnZ"
satisfy

1 1
‘dn|§i(1+(XM1+ﬁM2+M3+0<*)>, (3.26)
n+7y n
for sufficiently large n.
Proof. From (2.3), we have
2 ag(r)Beh)\ !
Jopy(f:8:1)(2) = @ / ! (JW) dr. (3.27)
o Z 0 t

Expanding the integrand and using the coefficient estimates for f, g, and &, together with the convolution properties of power
series, we obtain after simplification

1
d, = % (0tan + Bby + cn + lower order terms) . (3.28)
n
The bound follows by applying the triangle inequality and using the given bounds on ay, b,, and ¢,. O

Example 3.6. Take f(z) = g(z) = h(z) = %= as in Example 3.3, with .= =y = 1. Then,

1—z

2 rz
naalreh@ =2 (et ) ar. (3.29)

2.

One can verify directly that Re { ZTJ/} > 0.6 for |z] < 0.5, consistent with Theorem 3.2.

4 Conclusion

We have introduced a new generalized integral operator that extends the operator studied by Eljamal and Darus (2013). Our
operator incorporates multiple functions and additional parameters, providing greater flexibility in the study of univalent
and starlike functions (Aldweby and Darus, 2025). We have established several mapping properties, including preservation
of starlikeness, starlikeness of a given order, and relationships with Janowski classes. The results unify and extend many
previously known results in the literature (Breaz et al., 2008; Mohammed et al., 2010; Mohammed and Darus, 2010; Breaz
et al., 2010). Future research could explore further properties such as convexity, close-to-convexity, and applications to
differential subordination.
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