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Abstract: One of the main shortfall of Balanced Incomplete Block Designs is that the design is not available for all
parameter sets. Thus, some of the parameter sets that satisfy the necessary conditions for BIBD cannot be constructed as such.
This means that the parameter sets for the designs is not possible to be constructed with a single association scheme (A). Given
that the structural difference that exist between BIBD and PBIBD is that the later do not have a single association scheme but
rather m association schemes, the study believed that if the BIBD parameter sets could not be constructed as a single
associations scheme then maybe if the design is broken down to more than one association scheme in form of a PBIBD then
maybe such design might later be constructed using other methods as PBIBDs. The study aimed at determining whether two
association scheme PBIBDs could be derived from necessary properties of BIBDs. The main reason for maiking the
transformation is that for BIBD some of the designs that satisfy the necessary properties have been determined not to exist
meaning that the designs could not be constructed using a single association scheme A. Therefore, the study felt that if the
designs could be broken down into 2 association scheme (A; and A,) then such a design might be constructed as a PBIBD. The
study related the necessary properties of BIBD and two association scheme PBIBD. Using the properties, the study created
eight sets of linear equations and using the Gauss Jordan Elimination method, the study was able to solve for the eight
unknown parameters of the PBIBD association scheme. The study was able in the end to convert a BIBD that satisfy necessary
properties of BIBD into a two association scheme PBIBD that satisfy all the necessary properties of PBIBD.
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This property can always be derived by considering the

1. Introduction total number of blocks b in the design, to be given by;

A Balanced Incomplete Block Design (BIBD) is an @)
: : b =rzk

arrangement of v treatments into b blocks each of size k such v-T
that each treatment is replicated r times in the design while v (w=1)!
each pair of treatments occur together A times in the entire = rk!(v—k)! T k=D (w—k)!
design|[ 5,7, 8, 15]. _ (k=1)!(v=k)!

In order for a BIBD to exist, it is always required that the ki(w=io)! (-1
parameters of the BIBD must satisfy a number of necessary = 2! (k= Diw=k)!
conditions in order for the design to exist [1-3, 9, 10, 13, 14, Wk(k_l)!(v_k)! (-1
17]. First, the total number of plots in the design (bk) is =%
always known to be equivalent to the number of treatments v bk =rv

ti th ber of replicati . Thus,
tmes the number of replication 7. 1AuS The second property, tells us that the total number of

bk=rv (1)  treatments that occur together with a particular treatment is in
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the design A(v — 1) must always be equal to the number of
replications r times the number of plots per block less 1 plot
(k —1). Thus,

Av—-1)=rk-1) 2)

This property also can be derived from the total number of
block b in the design, that is

)
b =135
k-2
_ v! . (w=2)!
kl(v=k)! = (k=2)!(v—k)!
_ v! (k=2)!(v—k)!
T riw=k)! (v-2)!
v(v-1)(v-2)! (k=2)!(v=k)!
k(k—1)(k-2)!(v—k)! (v=2)!
_ o v(w-1)
T T k-1

But it is known that b = % Therefore, it can be shown
that

_ ,v(-1)

k _Ak(k—l)

_ ,v(w-Dk

T T kk-1v
v—-1
=Aa

=rk—-1)

Alv—1)

The properties in Equations 1 and 2, are known as the
fundamental or basic necessary properties of a BIBD which
must always be satisfied for the design to exist [12, 22, 24].
However, the satisfaction of these properties does not
guarantee existence of the design.

A Partially Balanced Incomplete Block Design (PBIBD) is
an arrangements of v treatments in b blocks each of size k
based on an association scheme g > 2 such that v > k, each
treatment occurs r times in the design and if treatments v;
and v; are i" associates, then they appear together A; times
in the design [4, 11, 19].

When a PBIBD is arranged based on an m — association
scheme with A;,1,,15,...,4,,. Then the design must satisfy
the following necessary properties [6, 20, 21];

rv = bk
min=v—1 (3)
2?;1 lini = T'(k - 1) (4)
kK — popl =n.pl 5
nkplj nl.p]k n]pki ( )
; ni—1 i=j
A ©)

For a PBIBD, the set of  parameters
(v,bk,1r,A1,A5,5,..., 4, Ny, Ny, ..., Ny, ) are know as
parameters of the first kind while the set of parameters
(Py, Py, ..., By) are known as parameters of the second kind.
For a PBIBD to exist, then both parameters of first kind and
second kind must exist [6, 19-21].

The study aimed at deriving two association scheme
PBIBD using necessary properties of BIBD stated in
Equations 1 and 2. The motive behind this study was the
believe that if certain BIBDs could not be constructed as
BIBDs then the single association scheme could be converted
into two association scheme which could be constructed as
PBIBD.

2. Derivation of Two Association Scheme
PBIBD

Based on the properties of PBIBD, in order to construct a
PBIBD from necessary conditions of a BIBD and still
maintain some characteristics of the original BIBD, then

m
Yi=1 Al

m .
Yi=1Mi

=1 (M

This is because according to second property of a BIBD
Av—=1) =rk-1).

Theorem 1. Consider a BIBD with parameters
(v,b,k,r,A). Such a BIBD can be transformed into a two

association scheme PBIBD with parameters
1 1 1 1 2 2 .2 .2
(v,b,k,17,A1,42,11,15,D11,P12,P21,D22,Pi1,Pi2, P21, D22) Where
_ w-1)Ax-4)
1 Az—24
_ w-1)@-A)
z A=Ay
2_ 2_ _
1 _ Ny nitn;—nqnz—n;
pu=—7—"——
1
2
1 _ .1 _ "NMatninz+n,
Pi2 =P =— —
1
2
1 _n2—ng
P22 =

Proof. First we begin by solving for n, and n,. According
to the third property of a PBIBD

nlll + nzl’{z = T(k - 1) (8)

But, we know that for a BIBD A(v—1)=r(k—1).
Therefore,

n1/11 + nzlz = /1(1) - 1) (9)

From the second property of a PBIBD

n+n,=v-1 (10)
n=@W-1)—n, (11)
Now substituting for n, in Equation 9 we get that
/11((17 - 1) - nz) + nzlz = /1(17 - 1)
(U - 1)2.1 - lell + nzlz = A(U - 1)
nzlz - nzll = (U - 1)1 - (U - 1)2.1
_ (w-1@-2y)
le - - -

Az—A1
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Now from Equation 10 we substitute the value of n, so
that we can get the solution for n,

— (U _ 1) _ w-1)(A-14)

! Aa—2q
— (1 — _@-1)
=@v-1 (1 ,12—/11)
gy Qe Ay At Ay)
= 1)( Ap—11 )
_ _ (A2-2)
=@v-1 (/12—/11>
_ 0-DAa-)

Az2—24

The values of A; and A, are predetermined such that
M <A< Ayand (v—1) mod (4, — 1) =0.

Next we determine the solutions for pj"-k. In order to find
the solutions for these variables we need to setup 8 systems
of equations using properties 4 and 5 of the PBIBD. Using
the properties, the following list of equations are generated
for pj"- K-

pii+piz =n;—1 (12)
P21+ P22 =My (13)
ph +pi = (14)

P31+ =n,—1 (15)

nipa1 — Mopiy = 0 (16)

niP32 — Nap3 =0 (17)
Piz =P =0 (18)
pi, — P51 =0 19)

When the above system of equations is written in matrix
form the following matrices are obtained

L
1 1 0 0 0o 0o o ofPrf m -1
0 0 1 1 0 0 0 ofP ny
00 0 0 1 1 0 ofpa n,
00 0 0o o0 o0 1 1|lpkl_|n,—-1
0n, 0 0 -n, 0 0 Ollpz| | o
00 0 n, 0 0 —n, 0||pg 0
0 1 -1 0 0 0 0 Of 0
o o 0o o o 1 -1 o} 0
LD2 2

Arranging the matrices to allows solving for the unknows
using Gauss Jordan Elimination method.

11 0 0 0 0 0 0 n—1
o0 1 1 0 0 0 0 =
o0 0 0 1 1 0 0 mn
00 0 0 0 0 1 1 n—1
0On, 0 0 -n, 0 0 0 0
00 0 n, 0 0 —-n, 0 0
01 -1 0 0 0 0 0 0
00 0 0 0 1 -1 0 0

The set of linear Equations is then solved using the using

Gauss Jordan Elimination method, where the augmented
matrix was converted into echelon form. The resulting
solution matrix was given as

n%—n1+n%—n1*n2—n2 _ B % pz
na n1 22
2
—nz+niFny+ny ny 2
—+ =% pzz
ni ni

2
—ns+nixny+n n
2 1*1%2 2 + nj * p%z

2
nz—nz ny 2
—= L <y
" i D22
n,—ny,+1+p3
2
n, —1—p3

ni

2
ny —1-pa
2
P22

Now if we let p%, = a then the solution matrix will be
given as

nZ—ni+nZ-nysny—n, _n

“2xa
ni ni

—n%+n1*n2+n2 + ng fa
ni ni

—n%+n1*n2+n2 + n_z *
ni niy
2 (20)

nne _na
niy ni
n—n,+1+a
n,—1-—a
n,—1-—a
a

Now based on the values of the final solution matrix in
Equation 20. The values of the parameters will be given as
follows.

1 _ ni-ni+ni-nnp,-ny  my
bi1 " ™
2
1 _ .1 _ Tnztningin, + ny
= =———+—"=aqa
Pi2 P21 " ™
2
1 —DN2Tha2 4 T2
D22 " ™
2 =n, - 1
pii =n —ny+1l+a
2 2
piz =pir=n,—1—a
2 _
b2 =a

In order to find the solution for a, from the properties of
PBIBD, we know that

— a1 1
n, =py;tD2
_ —nZ+nyny+n, + Ea + nZ-n, + n_za
nq nq nq nq

—nZ+nyny+ny+any+ni-ny+an,

ni
_ nynp+2an,
===
nin, =nyn,+2an,
2an, =0
a =0

Therefore, given that a = 0, then the values of the
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parameters for resulting PBIBD will be given as;

nZ-ni+n3-niny,—n,

1 _
Pi1 "
2
1 _ 1 _ "nztninz+n,
Piz =P =— _—
1
pl — n%—nz
22 Th
2 _
pin =ng—np+1
2 2 _
piz =pa=np,—1
2
p3, =0

When selecting 4, and 4, we must always ensure that all
the resulting parameters of second kind pj, < v.

End of Proof

Example 1

Consider a symmetric BIBD with parameters (v = b =
22,7r =k =7,1=2). If we select wish convert the BIBD
into PBIBD with two association scheme such that 4, =1
and A, = 4. Then, this will result int a PBIBD with the
following parameters.

21(4-2)
4-1
21(2-1)
4-1
142 -14+72-(14x7)-7
1 = =9
Pi1 12
2
1 1 _ =7°+4x7)+7 4
Pi2=P1 = —,—
1 _ 737 _
P22 =—~ =

pt,=14—-7+1=38
P =p51=7-1=6
P%z =0
Example 2
Consider a non-symmetric BIBD with parameters (v =
16,b = 24,r = 9,k = 6,1 = 3). If we select wish convert
the BIBD into PBIBD with two association scheme such that

A, = 2 and A, = 5. Then, this will result into a PBIBD with
the following parameters.

15(5-3)
L= =10
5-2
15(3-2)
= = 5
2 5-2
1 _ 102-10+52-(10%5)-5 _ 6
bi1 10
—524(10%5)45
Piz = P21 To
pl = 525 _
22 10

pi,=10—-5+1=6
p122=P§1=5_1=4
p222=0

The results in table 1 shows a list of two association
scheme PBIBDs that could be derived from BIBDs that
satisfy necessary properties together with the efficiency of
the resulting PBIBDs.

Table 1. Resulting PBIBDs Generated from Necessary Properties of BIBDs.

BIBD PBIBD Efficiency
v=15,b=21, =7, k=5 1 = 2 A =14, =3n="7n,=7P = [i é],Pz = [é 8 0.8228571
v=22,b=22, =7, k=7 1 = 2 M= =4n =14n,=7"P = [Z ‘3*],132 = [g g] 0.8803521
V=21, b=28, =8, k=6 1 = 2 A= 1,2, = 3,n; = 10,n, = 10,P, = [51‘ é] = [; g 0.8674569
V=29, 529, =8, k=8 1 = 2 A =12, =3n =14,n, = 14,P, = [112 113] Py = 113 103 0.9007241
V=16, b=24, =9, k=6, 1 = 3 A =14, =7n =10,n, =5,P, = [g 3],132 = [2 g 0.8465608
v=31,b=31, =10, k=10 1 = 3 A =22, =4,n, = 15n, = 15, P, = [113 114] P, = [114 104 0.927395

v=34,b=34, =12, k=12 1 = 4 A =34, =6,n, =221, = 11,P, = [165 S] P, = [1(2) 100] 0.9412752
V=46, b=69, =9, k=6 1 = 1 A, = 0,4, = 3,n, =30,n, = 15,P, = [281 3] P, = [ii 104] 0.825641

V=43, b=43, =15, k=15 1 = 5 Ay =42, = 6,ny = 21,m, = 21, P, = [119 210] P, = [210 200 0.9548002

3. Conclusion

In conclusion, the study was able to illustrate that a two
association scheme PBIBD could be derived from the
necessary properties of BIBD. This means that the single
association scheme that exist in BIBD could be broken down
into a two association scheme making it possible to construct
the BIBDs as PBIBDs. However, the study was not able to

construct the derived PBIBD or show that such PBIBDs
could not be constructed in their derived forms.

4. Recommendation

The study recommends that further research be carried out
on how the resulting PBIBDs could be constructed or not be
constructed. The ability of the design to be constructed will
be a great breakthrough as it will give an alternative means
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dealing with non-existing BIBDs. The proof that the designs
does not exist will also be a great break through as it will aid
in generalizing the non-existence property for PBIBDs.

Appendix

R Code for Transforming BIBD into PBIBD
pbibdt2 <- function(v, b, 1, k,lambda){
for(lambdal in seq(0,lambda-1,1)){
for(lambda2 in seq(lambda+1,r-1,1)){
if((((v- 1) * (lambda2 - lambda)) %% (lambda2 -
lambdal)==0) &&
(((v-1) * (lambda - lambdal)) %% (lambda?2 -
lambdal))==0){
# Compute nl and n2
nl <-((v-1) * (lambda2 - lambda)) / (lambda2 -
lambdal)
n2 <- ((v-1) * (lambda - lambdal)) / (lambda2 -
lambdal)
if( (n172) - nl1 + (n22) - (nl * n2) - n2) %% n1==0){
plll <- ((n1"2) - n1 + (n2*2) - (nl * n2) -n2) /nl
if((- (n2"2) + (nl * n2) + n2) %% n1==0){
pl12 <- (- (n2"2) + (nl * n2) + n2) /nl
p121 <- (- (n2"2) + (nl * n2) +n2) /nl
if((n2"2) - n2) %% n1==0){
p122 <- ((n2"2) - n2) / nl
p211 <-nl -n2 + 1
p212<-n2-1
p221 <-n2 -1
p222<-0

# Create matrices P1 and P2

P1 <- matrix(c(pl11, p112, p121, p122),
nrow = 2, ncol = 2, byrow = TRUE)

P2 <- matrix(c(p211, p212, p221, p222),
nrow = 2, ncol = 2, byrow = TRUE)

if(pl11>=0 && p112>=0 && p122>=0 &&
p211>=0

&& p212>=0 && p222>=0 ){
# Print results
cat("v=",v,"tb=",b, "\tr=",
r, "tk =", k)
cat("\nlambdal =", lambdal, "\tlambda2 =",
lambda2, "\tlambda =", lambda)
cat("\nnl =", nl, "\tn2 =", n2)
cat("\nP1 =\n")
print(P1)
cat("P2 =\n")
print(P2)
library(PBIBD)
commentl=verify(v=v,b=b,r=r,k=k,n=c(n1,n2),
I=c(lambdal,lambda2),P=list(P1,P2))
print(comment]1)
designl=apbibd(v=v,r=r,k=k,n=c(n1,n2),
I=c(lambdal,lambda2),P=list(P1,P2))
cat("\n The Efficiency of the Design is \n")

print(design1$E)
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