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MAT 419: Partial Differential Equations I1

Question 1(Entire course: 30 Marks)

(a) (Transport Equation) Write down an explicit formula for a function u
solving the initial value problem

ug+b.Du+cu=0 inR" x (0,00)
u=g¢g onR"x {t=0}. (1)

Here ¢ € R and b € R" are constants. (4 Marks)
(b) (Traveling Wave) Consider the Korteweg-de vries (KdV) equation
Ut + 6uty + Uz = 0)  in R x (0, 00). (2)
We look for a traveling wave solution of the form
u(z,t) =v(r—ot), zeR, teR (3)
where o is called the speed and v the profile.
(i) Show that

—ov+ 3 +0v" =0, (4)

where the prime indicates the derivative with respect to n:=x — ot. (5
Marks)

(ii) Write Equation(4) as a system of first oder equations involving (v, w),

where w := v’ (2 Marks)

(iii) Sketch the phase phase portrait for the system in (ii) and hence determine

lim (v,w), and lim (v,w)?

1—00 17— —00
(4 Marks)
(iv) Solve explicitly Equation(4) (5 Marks)
(v) Sketch the wave profile. (3 Marks)

(c) (Wave Equation ) Solve the initial value problem:
Uy —Au =at , inR,t>0
u(z,0) = 0
u(x,0) = 0.

(4 Marks)
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(d) Let U C R™ be open and bounded, and OU be C!. Suppose that u is a harmonic
function in the disk U = {r < 2} and r = (2?4 23)"/? and that v = 3sin 20+ 1
for r = 2. Without finding the solution, answer the following questions

(i) Find the maximum value of v in U (1 Marks)
(ii) Calculate the value of u at the origin (2 Marks)
Question 2 (20 Marks) (Fourier Transformation) The Fourier trans-

form on L'.
If u € L'(R"), we define its Fourier transform thus

~ 1 —ix. n
u(y) = CORE /ne Yu(z)dr, y€R (5)
and its inverse Fourier transform thus
1

u(y) :== @ne /Rn e Vy(z)dr, y € R" (6)

These integrals converge for each y € R™.

(a) (Properties of Fourier transform).
Assume u,v € L*(R"), prove that

(i) (Dau) = (i)™ for each multiindex a such that D*u € L*(R™). (3
Marks)
(i) If u,v € LY(R™) N L3(R"), then (u *v) = (27)"/24d. (3 Marks)

(b) Heat equation.Consider the initial value problem

uy—Au =0 in R" x (0,00)

u =g on R"x {t=0}. (7)
Find the Fourier transform 4 of (7) with respect to spatial variables x only.(2
Marks)
Solve the equation for @ . (1 Mark)
Find
u(x,t), for =z € R" t>0. (8)
(5 Marks)

(c) Telegraph equation
The initial-value problem for the one-dimensional telegraph equation is

uy + 2duy — uzr, =0  in R x (0,00)
u =g ,uy=nhon Rx{t=0} 9)
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for d > 0. Use Fourier transform method to obtain the representation formula:

e—dt

u(z,t) = / Bu(y) eI 4 Byt W gy
(2m)2 Jry<ian

e—dt

+ (27‘(‘)1/2 /{ " ﬁl (y)eimy—i-é(y)t + ﬁg(y)€imy_5(y)tdy, (10)
y=ld

where

Wy) = (& —[y)? |yl <d
5(y) = (& =y |yl >d

9y) = Bily) + Ba(y) (11)
(6 Marks)

>

Question 3 (20 Marks) (Green’s function)
Suppose u € C?(U) solves the Boundary Value Problem

—Au = f in U
u =g ondU, (12)
where f, g are given. The Representation formula using Green’s function is given by

we) == [ o™ ast) - [ w6y ev. )

where G(z,y),z,y € U is the Green’s function.
(a) Determine Green’s function for half space
RY :={z = (21,...,2,) € R"[z, > 0}

(6 Marks)

(b) Determine
0G(z,y)

v
for the R’} (6 Marks)

(¢) Suppose in Equation (12) f = 0, find the representation formula for u(z) in
R? (3 Marks)

(d) Suppose in Equation (12) f = 0, n = 2 and u(zy,0) = 1, find its explicit
solution. (5 Marks)
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Question 4 (20 Marks) ( Laplace’s Equation and Harmonic Functions)

(a) (Mean-Value formulas for Laplace’s Equation ).
Theorem (Mean-value formulas for Laplace’s equation). If u € C?*(U) is

harmonic, then
u(z) :][ u dS :][ u dy (14)
OB(z,r) B(z,r)

for each ball B(x,r) C U, where U is an open set of R".
Without proofing this theorem, give its physical interpretation and give a
simple example for U € R . (6 Marks)

(b) Strong Maximum Principle.

Suppose u € C*(U) N C(U) is harmonic within U. Using the Maximum princi-
ple, prove that:

(i)
max u = maxu (15)
U ou

(2 Marks)
(ii) If U is connected and there exists a point xy € U such that

u(xo) = max u, (16)

then w is constant within U. (6 Marks)

—Au =f inU feCU)
u =g ondU, g¢geC(dU) (17)

Use the maximum principal to prove that Equation(17) has at most one

solution,u € C*(U) NC(U). (6 Marks)



